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Abstract —This paper presents a new synthesis method for a
stripline-type branch-line 3 dB hybrid based on an equivalent

circuit derived by the planar circuit approach. The equivalent
circuit of an ideal 3 dB hybrid is derived first from those of the

segmented circuit elements, i.e., four three-port junctions and

four quarter-wave transmission lines. A systematic synthesis
process is then developed upon the basis of the equivalent

circuit. Practical hybrid circuits having optimized circuit pat-
terns were constructed for center frequencies of 3, 5, and 7 GHz,
and their characteristics were measured. The results agree well
with the theory, demonstrating the validity and effectiveness of

the proposed synthesis method.

I. INTRODUCTION

A stripline-type branch-line 3 dB hybrid is an impor-

tant circuit element in microwave integrated circuits.

The theory of the branch-line 3 dB hybrid based upon a

transmission line circuit (TLC) model (Fig. l(a)) is well

known [1]. However, when the circuit is designed on the

basis of the TLC model, the frequency characteristics are

often considerably degraded from expected ones because

a field disturbance exists at circuit discontinuities and the

size of the junction is not negligible compared with the

wavelength. As a result, the input power is not split

properly into two branch lines having characteristic

impedances Z.( = ZCO, the external circuit impedance)

and Z~( = ZCO/fi) as shown in Fig. l(b), and, an addi-

tional phase delay arises in junction parts. In several

papers [2]–[5], these effects have been taken into account

in the circuit design by considering the equivalent circuit

parameters of the T junctions. In these papers, the T-

junction compensation is made by changing the

impedances and lengths of the branch lines from the

nominal ones. These methods gave good circuit character-

istics in each case, but seem to lack universality. A more
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universal and exact approach can be offered by a planar

circuit model [6], [7].

Two papers have reported the synthesis (optimized

design) of planar 3 dB hybrids by the planar circuit

approach: a trial-and-error synthesis based upon a :seg-

mentation method analysis [8] and a fully computer ori-

ented design using the contour integral method for analy-

sis and Powell’s method for synthesis [9]. The first was

prelimina~ and primitive. In the second paper the com-

puter algorithm had not been well refined; the computer

time could be reduced further. Since the essential opera-

tion of the branch-line 3 dB hybrid is based on transmis-

sion line theory, it is more reasonable, from the view-

points of computation time and accuracy, to regard this

kind of circuit as one comprising planar transmission lines

connected by planar junction parts, rather than treating

the entire circuit as an arbitrarily shaped planar circuit.

This paper presents the optimum design of a 3 dB

hybrid based on an equivalent circuit derived by the

above “more reasonable” planar circuit approach. The

equivalent circuit of an ideal 3 dB hybrid is derived first

from those of the segmented circuit elements, i.e., four

three-port junctions and four quarter-wave transmission

lines. A systematic synthesis process for the strip[ine

hybrid is then developed on the basis of the equivalent

circuit.

II. METHOD OF SYNTHESIS

A stripline-type branch-line 3 dB hybrid having a pla-

nar pattern expressed by the solid lines in Fig. l(b) is

considered. Before the analysis and synthesis, the circuit

pattern is modified somewhat to that expressed by brolken

lines in Fig. l(b), in which the line widths are widened to

W.ff so as to account for the fringe effect by assumling

magnetic walls along the new boundary (see parts (c) and

(d) of Fig. 1).

The stripline-type hybrid circuit shown in Fig. l(b) can

be divided into four junctions and four transmission lines

interconnecting them. The four junctions are analyzed by

using an eigenfunction expansion method based on the

planar circuit approach [6], [7], [12].
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Fig, 1. Branch-line 3 dB hybrid circuit model. (a) Transmission line

circuit model. (b) Planar-type 3 dB hybrid model. (c) Triplate stripline.

(d) Planar-type transmission line model (Weff= W + 2A, A = (2/r)d.
in 2).

A. The Operation of a Branch-Line 3 dB Hybrid

Generally, a transmission line branch-line 3 dB hybrid

(Fig. l(a)) consists of the following two functions.

1)

2)

The function of the four three-port junctions: The S

matrix [S 0] of an ideal three-port junction having

three lines with characteristic impedances ZCO, ZCO,

and ZCO\fi, as shown in Fig. 2(a), is given as (see

Appendix I)

In such a three-port, a signal applied to port 1 is

divided into ports a and b with a power ratio of 1:0.

The function of quarter-wavelength branch lines

(L= A, /4): these give phase shifts of 9W (see Fig.

2(b)).

(a)

o
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o
—--CmG

(b)

#1
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‘co
(c)

Fig. 2. Function of each part of branch-line 3 dB hybrid circuit.

(a) Transmission line three-port junction. (b) Quarterwavelendr transm-
ission line. (c) Equivalent circuit.

Thus, the equivalent circuit of a transmission line 3 dB

hybrid described by scattering parameters is expressed

conceptually by Fig. 2(c).

B. Synthesis Process Based on Equivalent Circuit

The goal of the synthesis is to obtain a planar branch-

Iine 3 dB hybrid having the same frequency characteristics

as the ideal transmission-line-type branch-line 3 dB hy-

brid. Therefore, we must design the four three-port junc-

tions and the four branching lines so that they have

exactly the same functions as described above. The syn-

thesis process can be divided into the following three

steps:

Step 1 — Determination of Line Widths W. and W~: The

widened line widths W. and W~ are given as W. = W. and

W~ = V Wo, where the effective line width, WO, is consid-

ered to give the characteristic impedance, ZCO, of the

external stripline. It is then given as [7]

1 120r d
wo=– — —= W+2A

2 & 2.0

where ~, is the relative permittivity of the medium, 2 d is
the ground plane spacing, and A = (2/ ~)d. in 2.

Step 2 — Design of Three-Port Planar Junctions: The
scattering matrix of the three-port junctions should ide-

ally be equal to (1) at the center frequency and in a

frequency range as wide as possible around it. However,

this equality can never be achieved in an actual circuit, as

shown in Fig. 3(a), which has a finite size.

Therefore, we try to design the junctions so that abso-

lute values of the elements of the S parameters of the
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Fig. 3. Three-port planar junction and its equivalent circuit. (a) Circuit

designed to satisfy the relation I,$ijl = ls~l. (b) Equivalent circuit of (a).

junctions lSijl are equal to those of the ideal ones; that is,

Isijl = 1s:1. (2)

In such a case, as shown in Appendix H, the scattering

matrices of the junction circuits can be expressed as

s = PsOP (3)

where

P = diag(e-jol, e-joa, e-jeb).

The diagonal matrix P expresses phase delays in the

three-port junctions. Therefore, the equivalent circuit of

Sij can be given as the combination of the ideal S0 and

three transmission lines expressing the phase delays, as

shown in Fig. 3(b). Since the phase delays di(i = 1, a, b)

can be absorbed in each branch line regardless of whether

the delays are positive or negative, it is only necessary to

design the junction circuits so that (2) is satisfied.

Step 3 — Determination of Line Lengths L. and Lb:

These are determined so that the phase shifts 19i of the

junction circuits are absorbed, that is,

() 2ei
Li= 1–— “~, i=a, b. (4)

r/2

In the above design process, step 2 is particularly im-

portant, whereas the other steps are obvious. Therefore,
the following section is devoted solely to step 2.,

111, DESIGN OF JUNCTIONS

A. Circuit Equations of Three-Port Planar Junction

The characteristics of the three-port planar junction

(shaded part in Fig. 3(a)) are computed by the Planar

(a) (b)

Fig. 4. Coordinate system of junction and its multiport equivalent
circuit. (a) planar circuit model of junction. (b) Multiport equivalent

circuit.

circuit approach using the coordinate system shown in

Fig. 4(a).

We consider the multiport net,work representation of

the junction circuit. The pth modal voltage, V}), at the

ith terminal (i= 1, a, b) of the junction shown in Fig. 4(b)

is given in terms of the modal impedance parameters .Z~,~

and the q th modal current, Iii), at the jth terminal as

(i=l, a,b; p,q=l,2, ”.., m). (5)

In (5) higher order modes are considered up to the nzth

order in each transmission, line. The number of modes, m,

is determined by the required computational accuracy.

In a modal analysis, the modal impedance parameters

Z~,~ are expressed in terms of infinite numbers of eigen-

functions and eigenvalues which satisfy the given botmd-

ary conditions as in [7], [10], and [12]:

where Co = eS \ d (S being the area of the junction),

o: = k:\ ep, and n$~n is the coupling coefficient of the

pth mode in the ith trarismission line to the nth pla.:nar

mode of the junction circiut, and is given as

where W(i) denotes the port widths, ep _ ~= 1 (p = O or

2(P > 2), and q.(xo, yo) is the eigenfunction of the nth
planar mode.

We define the modal voltage column vector V(i) and

the modal current column vector I(i) of the ith transmis-

sion line, and an impedance matrix relating them, as

‘(i)=l!l‘(i)=l
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where i, j = 1, a, b. Then, from (5) and (8), we

v(1) = zl,l~(l) + Z1>UI(U) + zl,~~(b)

V(a) = za,ll(l) + Za,al(a) + za,~l(b)

v(b) = zb’lz(l) + zb’aI(a) + Zb’bz(b).

(8)

may write

(9)

Higher order nonpropagating transmission line modes,

with the exception of the dominant (TEM or TEM-like)

mode, can be considered to be terminated by characteris-

tic impedances having purely imaginary values. Hence,

the higher order mode voltage and current column matri-

ces are related as

y-jz) = _ Z$~ZjO (lo)

where h stands for higher mode of the transmission lines,

., Z(1)Z(2 = diag. (Z:!, Z$), ” “ .n< ) (11)

and Z$~ is the characteristic impedance for the nonprop-

agating higher order pth mode:

The negative sign in (10) is due to the fact that the

positive direction of the modal current is taken inward to

the junction circuit. Parameters -y$) and Z$~ represent

the propagation constant and the characteristic impedance

of the p th mode in the ith transmission line.

B. Effective Impedance Matrix

We derive next the “effective” impedance matrix for

the dominant mode. The effective impedance matrix re-

lates the dominant voltages and currents, still taking into

account the effect of higher order modes (actually, up to

the mth in each transmission line).

Substituting (10) into (9) and eliminating the higher

order mode voltages and currents, the effective impedance

matrix, Zeff, k obtained as [11]

‘eff=Ei :! $1)-E! ; :!1

l’: ~~

–1
z;’: + Zy ,z;,; z;>;

z;,~ q>; + ‘z(j) ‘z:;:

2;,; ~?,; z;’: + z::)>)

[ ~ :)

z;,; z:’: ,z;,;

. q,! q,: z;,: (12)
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Fig. 5. Frequency characteristics of rectangular junction circuit.

(a) Horizontal connection (0= O“). (b) Vertical connection (I9 = 90’9.

The first term in (12) represents the straightforward con-

tribution from the dominant mode. The second term

represents the contribution from the higher order modes.

The effective impedance can further be converted into a

more familiar S-matrix representation:

s = (Zeff + zco)-l(zeff – Zco) (13)

where ZCO is the characteristic impedance of the TEM

mode.

C. Characteristics of Three-Port Rectangular Junction

As a preliminav step, we calculate the frequency char-

acteristics of S parameters of various rectangular junction

circuits (Fig, 5(a) and (b)). The method described in

preceding subsections (III-A and HI-B) is used. For con-

venience the use of the substrate Rexolite 2200 (e, = 2.62,

d = 1.45 mm) and an external impedance of 50 Q are

assumed in the calculation. The important results are:

1)

2)

When the frequency becomes too high, the condi-

tions in (2) cannot be satisfied by either of the

rectangular junctions shown in the insets of Fig. 5(a)

and (b).

Comparison of the amplitude ‘characteristics (left

parts of Fig. 5(a) and (b)) suggests that the fre-

quency characteristics of lSla12 and ISlbl 2 at higher

frequencies exhibit opposite deviations from ideal

values in these two figures, i.e., in the “horizontal

connection” and the “vertical connection.”

Therefore, it is expected that the frequency characteris-

tics of lSla12 and lSl~12 will be improved (become flatter),

if we use a “corner-cut” rectangular circuit with an ap-

propriate angle of O (see Fig. 6).
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Fig. 6. Frequency characteristics of three-port junction with the con-

necting angle f3 as a parameter.

D. Optimum Design of Corner-Cut Rectangular Junction

In the light of the above results, we now consider the

optimum pattern of the corner-cut junction. When the

shape of the junction circuit is rectangular, the eigenfunc-

tions and eigenvalues can be obtained analytically. How-

ever, when the shape is more arbitrary, these can only be

calculated numerically, e.g., by the Rayleigh–Ritz method

[7], [12].

As the basis functions for the variational expression,

the eigenfunctions for the rectangular shape, ~i =

cos (17x/ WO)COS(mm y /fi WO), are used. The eigen-

value problem is solved by means of a standard subrou-

tine (Householder method). The summation in (6) is

truncated at a finite term; in the present case, n = 25. Fig.

7 shows typical examples of the eigenmodes for the rect-

angular and corner-cut patterns, together with the com-

puted eigenvalues.

The frequency characteristics of the corner-cut junc-

tions are calculated with the connecting angle O as a

parameter. The results are shown in Fig. 6, from which

the connecting angle f3= 31° can be chosen as the opti-

mum. In this case, the condition that the ratio of the

powers into ports a and b, lSl~l 2/ ISI.12 = W, is approxi-

mately satisfied up to about 10 GHz. Parts (a) and (b) of

Fig. 8 show the frequency characteristics of the optimized

junction circuit shown in Fig. 6.

IV. RESULTS OF SYNTHESIS AND EXPERIMENT

A. Frequency Characteristics of Synthesized Circuit

Based on the junction design described above, a 3 dB

hybrid circuit is synthesized with three-port planar junc-

tion circuits having a connecting angle of O= 31° and

branch lines having optimized line lengths. From the

calculated ‘results shown in Fig. 8(b), the electrical angles

B)11[I-ERM
K2=3.1416 KS= 4.4429 K4= 5.4414 Ks= 6.2832 Ks= 7.6953,

IIIII[~IIM
----------.?-~m~~iBEBl15Im]m------.....

K,= ;.8857 K8= 9.4247 K9= 9.4247 KIO= 10.4195 K,, = 10.6828
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RERs . . . . ‘ L fclm

K,= 9.2041 K8= 9.6261 K9=10.6949 K10=11.5394

(b)

Fig. 7. Typical examples of the eigenmodes calculated with the
Rayleigh–Ritz method: (a) @= 0° (rectangular~ (b) 0 = 31° (optimized
corner-cut pattern).
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Fig. 8. Frequency characteristics of the optimized junction circuit
(connecting angle O = 310).

f3i in the equivalent circuit of Fig. 3(b) are given from

(All) in Append@ 11 as

0i=(8ij+Oik-6jk)/2 (i,j, k=l, a,b).’ (14)

Substituting (14) into (4), we can determine the lengths of

the branch lines. The optimized circuit dimensions are

shown in Table I for the planar circuit pattern shown in

Fig. 9 made of Rexolite 2200 (~,= 2.62, d = 1.45 mm).

Fig. 10 shows the computed frequency characteristics

around the center frequencies of 3, 5, and 7 GHz. U is

found that the hybrid characteristics are almost entirely

identical to those of the ideal transmission line model,
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TABLE I

OPTIMIZED PARAMETERS OF BRANCH-LINE 3 dB HYBRIDS

f, (GHz) /i, /4 La (mm) Lb (mm)

1.0 46.34 43.97 44.80

3.0 15.45 13.03 13.88
5.0 9.27 6.81 7.68
7.0 6.62 4.09 5.04
9.0 5.15 2.55 3.57

Substrate: Rexolite 2200 (., = 2.62, d = 1.45 mm). W.=

3.38 mm, Wb = 4.78 mm.

1

-.

Fig. 9. Planar-type branch-line 3 dB hybrid (connecting angle O = 310).

B. Comparison with Experiment

To confirm the validity of the synthesis process, tri-

plate-type 3 dB hybrids have been fabricated using Rexo-

Iite 2200, with dimensions given in Table I. The actual

dimensions have been corrected by A to take into account

the fringe effect, where

()
A= ~ “d”ln2= 0.442 d=0.64 mm.

ri-

The characteristics of the fabricated circuit have been

measured using a scalar network analyzer (HP8755B).

The experimental results are shown in Fig. 11 together

with the theoretical curves. It is found that the agreement

between theory and experiment is satisfacto~.

V. CONCLUSION

A new synthesis method for the branch-line 3 dB hy-

brid has been proposed. The equivalent circuit of an ideal

3 dB hybrid described by scattering parameters is derived.

lt features a hybrid approach comprising both planar and

transmission line circuit concepts. It is shown that a

stripline branch-line 3 dB hybrid can be designed in a

systematic manner by the realization of each junction of

the hybrid having ideal characteristics, by using the planar

circuit approach on the junction portions.

Hybrid characteristics practically identical to those of

the ideal transmission line model can be realized. The

~ ‘,5’ .s14 ---
n
ti-—

0.25 1“’””””””

%\

0.0
1.0

Frequ&~y (GHz)
5.0

(a)

‘“”~

m . .
. .= . . .

h–—

0.25 “
*

/ -%

0.0
3.0

Frecp%y (GHz)
7.0

(b)

0.75 s,, —
La = 4.09 mm

sl2--- Lb = 5.04 mm
sl~ .. . . . . . .

. . .
=
Ci- . .
—

0.25 n
*

-% %

0.0
4.0 7.0 , 10.0

Frequency (GHz)

(c)

Fig. 10. Frequency characteristics of 3 dB hybrid circuit after opti-
mization: (a) fO= 3 GHz. (b) f’O= 5 GHz. (c) fO= 7 GHz.

experimental results also substantiate the validity and

usefulness of the theory.

The new approach may also be applied to the synthesis

of other stripline circuits.

APPENDIX I

DERIVATION OF EQUATION (1)

The circuit equations of the three-port junction circuit

shown in Fig. 2(a) with transmission lines having charac-

teristic impedances ZCO, ZCO, and ZCO/@ are

Vl=va=vb I1+Ia+Ib=o. (Al)

From (Al) and the relation between the incident voltage
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Fig. 11. Calculated and measured characteristics of hybrid circuit de-

signed by the proposed synthesis method (connecting angle 9 = 310).

wave and reflected voltage wave,

A1+B1=Aa+Ba=Ab+Bb (A2)

:( A,-BI)+> ,Aa-Ba)+g(Ab-Bb) =o.
.cc~ Lc~ Lc~

Thus, the voltage scattering matrix (SU) is

1
(%)=fi+l

(A3)

. (A4)

Hence, the power scattering matrix of the three-port

junction circuit is

(s) = (=)-l(s,,)(=)

where

(M)

From (A5), (1) in the text is obtained.

APPENDIX II

DERIVATION OF EQUATION (3)

We assume that a three-port planar junction of the type

shown in Fig. 3 is designed so that I~LJ I = Is: 1. Therefore,

S can be expressed as

[

– ae-’e” ~e-% ye-]%,

s = pe–.i61a — ae ‘]0”’ ye ‘J8Ub

i

(A6)

ye – jO1b
ye ‘Ioczb – ~e ‘j8bb

where

1 &

a= fi+l ‘=ti+l

@ ~=ti-l

“fi+l W+l”
(,47)

Since the junction is lossless, the S matrix is unitary, or

[S”1,[[S1 = [11, where the asterisk denotes a complex con-
jugate, t the transpose, and 1 the unit matrix. Hence,

—~~e–J(gll–@la) _ ape–](el”– OJ+ yye–J(81b–ffab) = O

—aye
–j(O1l– O1b) + y~e–l(~la–oab) — ~Yc–J(olb–ebb) = ()

By substituting (A.7) into the above equations, we obtain

2e ‘J(”lb — ‘ah) = e ‘1(911 ‘ok) + e —.K%. ‘8J

~e-j(b’la-@ah) =
(

e–](ell–~~b) + ~ _ l)e–j(~lb–ebb)

Furthermore, by comparing the real and imaginary parts

of the left and right hand sides, we find

011– 131a– e~~+ oa~= o
Ola – eaa– olb + 13ab= o
ell – elb – 6J1a+ oab = o
131b– obb– t)la + 191b= o

eab– ebb– ela +015 = o. (A1O)

From (A.1O), the following relations are obtained:

191a=(el+ea) eb=(el+eb) ‘ab = (“a+ob)

(All)

where

(311= 291 eaa = 26* d~~ ~ 26j. (A.12)

The scattering matrix S of the designed junction is given

as

s = Ps”P (A’13)

where P - diag. (e ‘j”l, e ‘Jo”, e ‘Job). Thus, (3) is derived.
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